Abstract. In this paper we initiate the study of submanifolds of almost hypercomplex manifolds with Hermitian and Norden metrics. Object of investigations are holomorphic submanifolds of the hypercomplex manifolds which are locally conformally equivalent to the hyper-Kähler manifolds of the considered type. Necessary and sufficient conditions the investigated holomorphic submanifolds to be totally umbilical or totally geodesic are obtained. Examples of the examined submanifolds are constructed.
Introduction
The almost hypercomplex manifolds with Hermitian and Norden metrics have been introduced by Gribachev, Manev and Dimiev in [1] . These manifolds are equipped with an almost hypercomplex structure H = (J 1 , J 2 , J 3 ) and a metric structure G = (g, g 1 , g 2 , g 3 ). Here g is a neutral metric, which is Hermitian with respect to the almost complex structure J 1 of H and g is a Norden metric (known also as an anti-Hermitian metric) regarding the almost complex structures J 2 and J 3 of H. Moreover, G contains the Kähler 2-form g 1 with respect to J 1 and two associated Norden metrics g 2 , g 3 with respect to J 2 and J 3 , respectively. The geometry of almost hypercomplex manifolds with Hermitian and Norden metrics has been investigated in [1, 2, 3, 4] . This type of manifolds are the only possible case to involve Norden metrics on almost hypercomplex manifolds.
In this paper we initiate the study of submanifolds of the considered manifolds. As first step in this direction we study their holomorphic submanifolds. A holomorphic submanifold M of an almost hypercomplex manifold with Hermitian and Norden metrics (M , H, G) is a non-degenerate submanifold such that the tangent bundle is preserved by the structure H, which implies that M is also an almost hypercomplex manifold with Hermitian and Norden metrics with respect to the restrictions of the structures H and G on M .
An almost hypercomplex structure H on M is called hypercomplex if the three almost complex structures J 1 , J 2 , J 3 are integrable. Objects of special interest in this work are ambient manifolds (M , H, G) belonging to the class denoted by W of hypercomplex manifolds with Hermitian and Norden metrics. This is the class of the locally conformally equivalent manifolds to the manifolds in the class K consisting of the hyper-Kähler manifolds of the considered type. The class K is an important subclass of W, where the considered manifolds have parallel J 1 , J 2 , J 3 with respect to the Levi-Civita connection ∇ of g.
The present paper is organized as follows. In Section 1 we present some definitions and facts about almost hypercomplex manifolds with Hermitian and Norden metrics. Section 2 is devoted to the study of holomorphic submanifolds of the considered manifolds belonging to the classes W and K. We prove that a holomorphic submanifold M of a W-manifold M is either a W-manifold, or a K-manifold. Moreover, we obtain necessary and sufficient conditions M to be in W or K in terms of the Lee 1-forms θ α (α = 1, 2, 3) of M . We also show that a holomorphic submanifold M of a W-manifold M is either totally umbilical, or totally geodesic and find necessary and sufficient conditions for this, expressed by conditions for θ α (α = 1, 2, 3). We obtain that every holomorphic submanifold of a K-manifold is a totally geodesic K-manifold and every holomorphic K-submanifold of a W-manifold is totally umbilical. In Section 3 we construct examples of the studied submanifolds.
Preliminaries
A 4n-dimensional differentiable manifold (M, H) is called an almost hypercomplex manifold [5] if it is equipped with an almost hypercomplex structure H = (J 1 , J 2 , J 3 ), which is a triple of almost complex structures having the properties:
for all cyclic permutations (α, β, γ) of (1, 2, 3) and the identity I.
Let g be a pseudo-Riemannian metric on (M, H) which is Hermitian with respect to J 1 and g is a Norden metric with respect to J 2 and J 3 , i.e.
The associated bilinear forms g 1 , g 2 and g 3 are determined by
According to (1.1) and (1.2) the metric g and the associated bilinear forms g 2 and g 3 are necessarily pseudo-Riemannian metrics of neutral signature (2n, 2n) and g 1 is the known Kähler 2-form Φ with respect to J 1 .
Differentiable 4n-dimensional manifolds M equipped with structures (H, G) = (J 1 , J 2 , J 3 , g, g 1 , g 2 , g 3 ) are studied in [1, 4] and [2, 3] (under the name almost hypercomplex pseudo-Hermitian manifolds and almost hypercomplex manifolds with Hermitian and anti-Hermitian metrics, respectively). In this paper we refer to (M, H, G) as an almost hypercomplex manifold with Hermitian and Norden metrics.
, where ∇ is the Levi-Civita connection generated by g, are called fundamental tensors of (M, H, G). It is well known that the almost hypercomplex structure H = (J 1 , J 2 , J 3 ) is a hypercomplex structure if the Nijenhuis tensor N α (X, Y ) for J α vanishes for each α = 1, 2, 3. Moreover, an almost hypercomplex structure H is hypercomplex if and only if two of the tensors N α vanish [5] .
Let us remark that (M, H, G) is an indefinite almost Hermitian manifold with respect to J 1 and it is an almost complex manifold with Norden metric with respect to J 2 and J 3 . The basic classifications of the almost complex manifolds with Hermitian metric and with Norden metric are given in [6] and [7] , respectively.
Let we assume that (M, H, G) belongs to the class W 4 from the Gray-Hervella classification, which is a subclass of the class of Hermitian manifolds and it is the class of locally conformal equivalent manifolds to the Kähler manifolds. Then the almost complex structure J 1 is integrable and F 1 is given by
where the Lee form θ 1 is defined by θ 1 (Z) = g ij F 1 (e i , e j , Z) for a basis {e i }, (i = 1, . . . , 4n) and (g ij ) is the inverse matrix of the matrix (g ij ) of the metric g. One of the basic classes of the integrable almost complex manifolds with Norden metric is W 1 . It is a subclass of the integrable (almost) complex manifolds with Norden metric and it is the class of the locally conformal equivalent manifolds to the Kähler manifolds with Norden metric. If (M, H, G) belongs to W 1 (J α ), then J α (α = 2, 3) is integrable and the following equality holds
where the Lee form θ α is defined by
The class W, studied in [1] , consists of all hypercomplex manifolds with Hermitian and Norden metrics such that F 1 satisfies (1.3) and F 2 , F 3 satisfy (1.4). A manifold (M, H, G) belonging to the class W is called briefly a W-manifold.
It is known [1] that necessary and sufficient conditions (M, H, G) to be a Wmanifold are
According to [1] , an almost hypercomplex manifold with Hermitian and Norden metrics is called a hyper-Kähler manifold of the considered type if ∇J α = 0 (α = 1, 2, 3) with respect to the Levi-Civita connection generated by g. The class of these manifolds is denoted by K in [1] and thus we call them K-manifolds. It is clear that for the K-manifolds the conditions F α = 0 (α = 1, 2, 3) hold and therefore θ α = 0 (α = 1, 2, 3) and K is a subclass of W.
Holomorphic submanifolds of W-manifolds
A 4m-dimensional submanifold M of a 4n-dimensional (m < n) almost hypercomplex manifold with Hermitian and Norden metrics (M , H, G) is said to be a holomorphic submanifold if the tangent bundle T M is preserved by J α (α = 1, 2, 3), i.e. J α (T p M ) = T p M for all p ∈ M and the restriction of the metric g on T M has a maximal rank.
We denote the restrictions of g and J α (α = 1, 2, 3) on T M by the same letters. Let ∇ and ∇ be the Levi-Civita connections of (M , H, G) and its submanifold M , respectively. Then the Gauss-Weingarten formulae are given by 
Let M be a submanifold of (M , H, G). Then for every p α the following decomposition is valid
vanishes. Let M be a holomorphic submanifold of a W-manifold (M , H, G). Then from (1.5) it follows that θ 1 , θ 2 and θ 3 are either all non-zero on T M (resp. T M ⊥ ), or all vanish on T M (resp. T M ⊥ ). Moreover, having in mind (2.4) and the fact that θ α = 0 (α = 1, 2, 3) for a W-manifold which is not a K-manifold, we establish that if all
where X, Y ∈ T M and N ∈ T M ⊥ .
Proof. Using (2.1), we obtain
From (1.3) and (1.4) for F 1 and F α (α = 2, 3), respectively, we get
By substituting (2.12) in (2.11) and taking into account that M is holomorphic, we obtain (2.6) and (2.14)
Analogously, using (2.11) and (2.13), we get (2.7) and
We replace X, Y by Y, X in (2.14) and (2.15) and we find that
Subtracting (2.16) and (2.17) from (2.14) and (2.15), respectively, we obtain
From the latter two equalities it follows
We substitute J 2 X and J 3 Y for X and Y in (2.18), respectively and taking into account the equality (2.19) we find the first equality in (2.5). The rest equalities in (2.5) hold because of (2.3). By using (2.2) we obtain
From the conditions (1.3) and (1.4) for F 1 and F α (α = 2, 3), respectively, it follows 
where X, Y, Z ∈ T M and θ α (Z) = g ij F α (e i , e j , Z) (α = 1, 2, 3) for an arbitrary basis {e i } , (i = 1, . . . , 4m) of T M . Moreover, the Lee forms θ α of M and θ α of M are related by the equalities (2.24)
From the latter results it follows that θ 1 , θ 2 and θ 3 are either all non-zero, or all vanish. In the first case, having in mind (1.3), (1.4) and (2.23), we obtain that M is a W-manifold. In the case when all θ α (α = 1, 2, 3) vanish, from (2.23) we get that F α = 0 (α = 1, 2, 3). Therefore, M is a K-manifold. Conversely, let M be a W-manifold (resp. a K-manifold). Then all θ α (α = 1, 2, 3) are non-zero (resp. all θ α (α = 1, 2, 3) vanish) and the equalities (2.24) imply all θ α (α = 1, 2, 3) are non-zero (resp. all θ α (α = 1, 2, 3) vanish) on T M .
As an immediate consequence from Theorem 2.2 and (2.5) we state Proof. Using (2.5) we get
Hence for the mean curvature vector C we have
According to (2.5) and (2.25) we obtain
Now, from (2.26) it follows that M is either totally umbilical (when C = 0), or totally geodesic (when C = 0). Let M be totally umbilical (resp. totally geodesic). Then the equalities (2.25) imply that all p ⊥ α (α = 1, 2, 3) are non-zero (resp. all p ⊥ α (α = 1, 2, 3) vanish). Hence we obtain that all θ α (α = 1, 2, 3) are non-zero (resp. all θ α (α = 1, 2, 3) vanish) on T M ⊥ . We prove the sufficient condition of the theorem using (2.25).
Using Theorem 2.2 and Theorem 2.3 we obtain the following corollaries. W-manifold (M , H, G) . If all θ α (α = 1, 2, 3) are non-zero (resp. all θ α (α = 1, 2, 3) vanish) on T M ⊥ , then M is totally umbilical (resp. totally geodesic).
Examples of holomorphic submanifolds
Example 3.1. Let we consider the vector space
In [1] a hypercomplex structure H = (J 1 , J 2 , J 3 ) and a pseudo-Riemannian metric g of signature (2n, 2n) are defined on R 4n as follows:
is an arbitrary vector field and δ ij is the Kronecker delta.
From (3.1) and (3.2) it follows that the metric g is Hermitian with respect to J 1 and g is a Norden metric with respect to J 2 and J 3 . According to (3.2) the components g ij of the matrix of g with respect to the local basis 1, 2 , . . . , n) are constants. Therefore the Levi-Civita connection ∇ of the metric g is flat. Moreover, having in mind (3.1), it is easy to check that ∇J α = 0, (α = 1, 2, 3). Hence, (R 4n , H, G) is a K-manifold. Let M be a submanifold of (R 4n , H, G) given by the following immersion:
Identifying the point (
with its position vector Z, we obtain that the tangent bundle T M of M is spanned by
From (3.1) and (3.2) it follows that the complex structures J α (α = 1, 2, 3) preserve T M and the submanifold M is non-degenerate. Thus, M is a 4m-dimensional holomorphic submanifold of (R 4n , H, G). The normal bundle T M ⊥ is spanned by 
